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We propose an analytical theory that determines the governing parameter and the curves
in the parameter space for the transitions between different regimes of stratified shear
flows in inclined ducts at high Schmidt number values. This theory is compared with
experimental results showing good agreement. The link between horizontal and inclined
ducts is made possible by a one-dimensional model that considers the dynamic role of the
inclined sharp interface. The theory further predicts the critical value of the governing
parameter for the emergence of waves at the interface.
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1. Introduction
The understanding and improved modeling of stratified turbulent flows is of the utmost
importance in several environmental situations. A particular flow configuration that
attracts a lot of attention is the stratified shear flow. The interest in this flow is twofold.
On one hand, it is reminiscent of several flows occurring in the environment such as the
estuarine gravitational circulation (Geyer & MacCready 2014), the lock exchange flow
(Ottolenghi et al. 2016; Ha¨rtel et al. 2000), and the exchange flow occurring in ocean
straits (Gregg et al. 1999). On the other hand, it presents rich dynamics encompassing
the emergence of instabilities (Kaminski et al. 2014), Holmboe waves (Salehipour et al.
2016; Lefauve et al. 2018), and obviously, stratified turbulence (Salehipour et al. 2018).
The pre-eminent experimental setup is the stratified inclined duct (SID) experiment
(Macagno & Rouse 1961; Meyer & Linden 2014; Lefauve et al. 2019; Lefauve & Linden
2020a), where two large tanks with water with different densities are linked by an inclined,
long duct (see Fig. 1). In recent years, there has been vast progress in the understanding
of the flow in SID experiments driven by improved measurement capabilities that allow
for simultaneous detailed measurements of the three-dimensional density and velocity
fields (Partridge et al. 2019). A key question that has been addressed is the transitions in
the flow regimes: from laminar, to the emergence of interfacial waves, to intermittently
turbulent, and to fully turbulent (Macagno & Rouse 1961; Meyer & Linden 2014;
Lefauve et al. 2019; Lefauve & Linden 2020a). Although these different regimes have
been observed for over 50-years, explaining them over a wide range of parameter values
remains a challenge. In fact, one of the unanswered questions mentioned by Lefauve et al.
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Figure 1. Schematic representation of the side view of a stratified inclined duct (SID)
experimental setup. In the center: the duct of length L and height H inclined an angle θ with
respect to the horizontal. The duct connects two large tanks: one with water with density
ρ = ρ0 + ∆ρ/2 and the other with density ρ = ρ0 − ∆ρ/2. The internal angle of the duct is
α = arctan(H/L). The along-duct coordinate is xθ and the coordinate perpendicular to the
bottom and the top of the duct is zθ. The origin of the coordinate system is located at the
center of the duct.
(2019) is “How to explain flow regime transitions in horizontal ducts or ducts inclined at
a slightly negative angle?”.
Lefauve et al. (2019) distinguished between two situations: lazy and forced flows. To
explain this distinction, it is necessary to define the internal angle of the duct
α = arctan(H/L) (1.1)
with H the height of the duct and L its length. Lazy flows are defined as those occurring
when the inclination angle of the duct θ  α, and forced flows as those occurring when
θ > α. The term forced refers to the increased importance of the gravitational forcing
when the duct is tilted. Both Meyer & Linden (2014) and Lefauve et al. (2019) have
proposed different conditions for the regime transitions in forced flows showing a good
agreement with experimental data. However, these conditions do not hold for lazy flows,
particularly, flows in horizontal ducts (θ = 0) and ducts with slightly negative angles
(θ < 0).
The current paper proposes an explanation for the transitions in the flow in SID
experiments with large Schmidt number values that spans both lazy and forced flows, i.e.
encompassing slightly negative inclinations, horizontal ducts, and positive inclinations.
This explanation is based on a recent numerical and analytical study of the shear flow in a
horizontal duct (Kaptein et al. 2020). That study proposes one-dimensional (1D) models
to reproduce the evolution and steady state of the shear flow in the vertical cross-section
in the centre of a horizontal duct.
Two lessons learned from the analysis of horizontal ducts allow linking the results for
lazy and forced flows. First, it is necessary to consider the inclination of the interface with
respect to the duct as a driver of the flow. Second, due to this additional forcing, lazy
flows should not be considered, in general, as hydraulically controlled. In the remainder
of the paper, we explain the implications of these two points; we propose an analytical
model for the transitions between different regimes, and we compare the model to
experimental results. The proposed link between horizontal and inclined ducts should
allow to further exploit the results of the SID experiments for the understanding of large
scale environmental exchange flows.
2. Description of the system and background
As mentioned earlier, the SID setup consists of two tanks with a fluid, usually water,
with different densities joined by a duct. This duct with length L and height H is inclined
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at an angle θ with respect to the horizontal. In one tank, the water initially has a density
ρ = ρ0 −∆ρ/2, and in the other, a density ρ = ρ0 + ∆ρ/2. The water is considered to
have uniform and constant viscosity ν. It is convenient to define the typical velocity scale
Ug ≡
√
g′H, where g′ ≡ g∆ρ/ρ0 with g the gravitational acceleration. Besides the angle
of the duct θ, the system can then be described by three non-dimensional parameters:
the aspect ratio of the duct Γ ≡ H/L, the gravitational Reynolds number
Re ≡ H
√
g′H
2ν
, (2.1)
and the Schmidt number Sc ≡ ν/κ with κ the diffusivity of salt (or heat, in which
case the Schmidt number is referred to as the Prandtl number). We consider long ducts:
Γ  1. In the case of ducts with a width W to height H ratio different than unity, we
must introduce an additional parameter B = W/H. Notice that the factor 1/2 is absent
from the definition of Re if H, instead of H/2, is considered to be the typical length scale
of the problem as done by Kaptein et al. (2020).
In addition, Meyer & Linden (2014) proposed an empirical condition for the transition
between different regimes by defining the Grashof number Gr = 2 sin θRe2/Γ which
quantifies the ratio of the buoyancy force to the viscous force. They proposed the critical
value Gr = 4 × 107 for the transition between the intermittently turbulent and the
turbulent regimes showing good agreement with experimental results. Lefauve et al.
(2019) proposed that the transitions between different regimes for a SID setup with
a given Γ -value occur at constant θRe-values. Lefauve & Linden (2020a) compared their
proposed transitions against several experimental data sets including those of Meyer &
Linden (2014). They remarked particularly good agreement with experiments for forced
flows (i.e. θ > α) if ΓRe . 50, but the comparison was inconclusive when considering
the full parameter space explored. Independent of this, it is clear that the conditions
proposed by both Meyer & Linden (2014) and Lefauve et al. (2019) are not valid for
θ 6 0. Furthermore, the definition of the Grashof number proposed by Meyer & Linden
(2014) is not consistent with its common definition for horizontal systems: Gr = Re2
(see e.g. Ha¨rtel et al. 2000; Hogg et al. 2001).
In the case of horizontal ducts, Kaptein et al. (2020) showed that the magnitude
of the velocity in a horizontal duct is governed by ReΓ for a given value of Sc. For
ReΓ  (180/Sc)1/2 (this is equivalent to ReΓ  12(5/Sc)1/2 when using the definitions
by Kaptein et al. 2020), the flow is dominated by diffusion, and the viscous advective
diffusive (VAD) solution (see also Cormack et al. 1974; Hogg et al. 2001) is recovered
independently of the Sc-value. However, for ReΓ  (180/Sc)1/2, two distinct flow
regimes arise depending on the value of the Schmidt number. For small Sc-values the
flow tends to the hydraulic limit in which the velocity reaches the maximum peak value
Ug becoming independent of Re (Hogg et al. 2001). However, for large Sc-values, this
limit is not reached, and the velocity keeps increasing linearly with Re. This unlimited
growth is only possible because a transition to a turbulent flow is not considered in the
analytical solution.
In the following section, we review part of the derivation of Kaptein et al. (2020) and
extend it to the case of inclined ducts. In the current paper, the problem is defined in
agreement with Lefauve & Linden (2020a). This means that there are two differences
with respect to the analysis by Kaptein et al. (2020). We consider the typical length
scale of the problem to be H/2 (instead of H), and the tank with the higher density is
located on the x < 0 side.
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3. Analytical model
3.1. Horizontal ducts
For simplicity, we consider here the two-dimensional (2D) flow in a (xθ, zθ) = (x, z)
cross-section in a horizontal duct. This flow is described by the continuity and Navier-
Stokes equations with the Boussinesq approximation for an incompressible fluid:
∂u
∂x
+
∂w
∂z
= 0, (3.1)
∂u
∂t
+ u
∂u
∂x
+ w
∂u
∂z
= − 1
ρ0
∂p
∂x
+ ν
(
∂2u
∂x2
+
∂2u
∂z2
)
, (3.2)
∂w
∂t
+ u
∂w
∂x
+ w
∂w
∂z
= − 1
ρ0
∂p
∂z
+ ν
(
∂2w
∂x2
+
∂2w
∂z2
)
− 1
ρ0
ρ′g, (3.3)
where x is the along-channel coordinate and z the vertical; p denotes the pressure, and
ρ′ denotes the variable part of the total density. The reference density ρ0 is related to
the total density ρ and the varying part ρ′ by ρ = ρ0 + ρ′, with ρ0  ρ′. A linear
equation of state relates the density ρ to, for example, salt concentration or heat which
are governed by a transport equation. In this way, the density ρ is also governed by a
transport equation:
∂ρ
∂t
+ u
∂ρ
∂x
+ w
∂ρ
∂z
= κ
(
∂2ρ
∂x2
+
∂2ρ
∂z2
)
. (3.4)
Initially, the fluid is at rest and the density in the channel is given by
ρ(x, z; t0) = −∆ρ
L
x+ ρ0 for − 1
2
L 6 x 6 1
2
L. (3.5)
The horizontal density gradient in the center of the channel (x = 0) is
∂ρ′
∂x
(x = 0, z; t0) = −∆ρ
L
. (3.6)
This means that, initially, ρ′ = 0 at x = 0 over the whole depth.
This problem can be transformed to a 1D problem for the flow at x = 0 by assuming
that the vertical velocity w and horizontal gradients of the velocity components are
negligible in a long duct (Γ  1). In this way, the flow is described by
∂u
∂t
= ν
∂2u
∂z2
+
g
ρ0
∫ z
0
∂ρ′
∂x
dzˆ, (3.7)
∂ρ′
∂t
= κ
∂2ρ′
∂z2
− u∂ρ
′
∂x
(3.8)
(see Kaptein et al. 2020, for more details). However, the horizontal density gradient
∂ρ′/∂x needs to be parametrized. Kaptein et al. (2020) proposed a parametrization of
the form
∂ρ′
∂x
= −∆ρ
L
+
2
L
|ρ′| − Γ
3
∣∣∣∣∂ρ′∂z
∣∣∣∣ , (3.9)
for large Sc-values. This parametrization has the advantage that every term has a simple
physical interpretation. The first term represents the large-scale density gradient due to
the density difference between the two tanks. The second term represents the reduction
of the horizontal density gradient for a given height due to vertical stratification. In the
limit of a two-layer stratification, |ρ′| = ∆ρ/2 except for z = 0 where ρ′ = 0, and this
term cancels the large-scale horizontal density gradient because each layer has uniform
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density in the x-direction. The last term incorporates the fact that the developing density
interface is inclined with respect to the duct. It could be tempting to neglect this term
since we consider long ducts (i.e. Γ  1), but when a two-layer stratification develops,
∂ρ′/∂z at z = 0 can become large enough and cannot be neglected. Thus, the last term
accounts for having a sharp pycnocline inclined with a slope that is related to Γ (for a
detailed discussion on the shape of the pycnocline, see Gu & Lawrence 2005). The factor
1/3 in the last term is obtained by assuming that the shear at the interface is the same
as in the VAD solution (ReΓ  (180/Sc)1/2). This assumption was shown to be valid
for large Sc-values using 2D simulations (Kaptein et al. 2020).
Equations (3.7)–(3.9) are made dimensionless by scaling the spatial coordinates with
H/2, time with H/(2Ug), the velocity with Ug, the pressure with ρ0U
2
g , and the density
with ∆ρ. The resulting dimensionless equations are
∂u∗
∂t∗
=
1
Re
∂2u∗
∂z∗2
+
1
2
∫ z∗
0
∂ρ′∗
∂x∗
dzˆ∗, (3.10)
∂ρ′∗
∂t∗
=
1
ReSc
∂2ρ′∗
∂z∗2
− u∗ ∂ρ
′∗
∂x∗
, (3.11)
∂ρ′∗
∂x∗
= Γ
(
−1
2
+ |ρ′∗|
)
− Γ
3
∣∣∣∣∂ρ′∗∂z∗
∣∣∣∣ , (3.12)
where the asterisk denotes a non-dimensional variable, but for simplicity, it is omitted
from here on.
We focus on the steady state, in particular, for the case Re  1 and Sc 1 for which
the density is arranged in two layers with a sharp interface between them. For large
Sc-values, diffusion can be neglected in the transport equation (3.11) yielding
ρ′ =
1
2
−H(z), (3.13)
where H(z) is the Heavyside function which is defined as: H(z > 0) = 1, H(z < 0) = 0,
and H(z = 0) = 1/2 (for details, see Kaptein et al. 2020). Substituting Eq. (3.13) into
Eq. (3.10) yields
∂2u
∂z2
= −ReΓ
6
ρ′, (3.14)
where also Eq. (3.12) has been used. Finally, the velocity profile is
u(z) =

−ReΓ
24
(
z + z2
)
for z 6 0,
−ReΓ
24
(
z − z2) for z > 0. (3.15)
The mass flux
Qm =
∫ 1
−1
|ρ′(z)u(z)|dz (3.16)
is an integral quantity commonly used to characterize the flow (see e.g. Lefauve & Linden
2020a). For the solution given by Eqs. (3.13)–(3.15),
Qm =
ReΓB
144
, (3.17)
where we have normalized Qm with the width of the channel such that Qm = 1/2 in the
hydraulic limit. Hence, the mass flux for the hydraulic limit is reached when ReΓB = 72.
For the flow described by Eqs. (3.13) and (3.15), even if the density is arranged in
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two layers, the velocity is still affected by momentum diffusion. The flow is affected
by friction with the upper and lower channel boundaries, and Eq. (3.15) indicates that
momentum diffusion is also not negligible in the interior. In other words, this flow is
not hydraulically controlled. This fact has not been previously considered to explain the
results in SID experiments even if values for the mass flux Qm smaller than 1/2 have
been persistently obtained in experiments (see e.g. Fig. 6 by Lefauve & Linden 2020a).
If we would not consider the inclination of a sharp interface in the horizontal density
gradient, the last term in Eq. (3.12) and the r.h.s. in Eq. (3.14) would be equal to zero.
This implies that the inclination of the interface is responsible for the existence of the
flow described by Eqs. (3.13)-(3.15). For small Sc-values (Sc ∼ 1), the interface is thick,
the last term in Eq. (3.12) can be neglected, and the parametrization for the horizontal
density gradient, given by
∂ρ′
∂x
= Γ
(
−1
2
+ |ρ′|
)
(3.18)
is better suited (Kaptein et al. 2020). Since the r.h.s. in Eq. (3.14) is equal to zero,
diffusion can be neglected (except in the boundary layers close to the bottom and top).
In this case, the hydraulic limit is easier to reach like in the experiments by Anati et al.
(1977) and Maderich et al. (1998).
In the analytical derivation outlined here, the eventual transition to a turbulent flow is
not considered. However, after this transition occurs, the diffusion of momentum and mass
is due to turbulence, and a turbulent Schmidt number value of order unity characterizes
the ratio between momentum and mass diffusion (Hogg et al. 2001). Hence, the hydraulic
limit is reached, even for Sc 1, once turbulence develops .
3.2. Extension to inclined ducts
To extend the previous analysis to inclined ducts, we define the coordinates (xθ, zθ)
where xθ is the coordinate along the duct inclined at an angle θ, and zθ is the coordinate
perpendicular to the bottom and the top of the duct. The corresponding velocity
components are (uθ, wθ). Furthermore, we must consider the two distinct situations of
lazy and forced flows in the parametrization of the horizontal density gradient. In other
words, the parametrization must account for the inclined interface only in the case of
lazy flows since the interface becomes parallel to the top and bottom of the duct in the
case of forced flows (Lefauve & Linden 2020a). Hence, for a tilted duct, the horizontal
density gradient is parametrized as
∂ρ˜
∂xθ
= Γ
(
−1
2
+ |ρ˜|
)
− 1
3
H(α− θ) tan(α− θ)
∣∣∣∣ ∂ρ˜∂zθ
∣∣∣∣ . (3.19)
Since α = arctanΓ , we recover the parametrization for horizontal ducts (3.12) when
θ = 0. In the border between lazy and forced flows (when α = θ), the interface becomes
parallel to the bottom, and the last term in Eq. (3.19) is equal to zero. For θ 6 α, the last
term remains equal to zero since the angle of the interface cannot be inverted (Lefauve
et al. 2019).
In an inclined duct, the density also tends to get organized in a two-layer configuration
for Sc 1 and large-enough Re-values, and the velocity in the inclined duct satisfies
∂2uθ
∂z2θ
= −Γ
6
[
1
Γ
H(α− θ) tan(α− θ) cos θ + 3
Γ
sin θ
]
Reρ′. (3.20)
Equations (3.14) and (3.20) become identical if we define the generalized Reynolds
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number for an inclined duct:
Reθ =
[
1
Γ
H(α− θ) tan(α− θ) cos θ + 3
Γ
sin θ
]
Re, (3.21)
which can be further simplified in the case θ  pi/2 and α pi/2 to
Reθ =
[
H(α− θ)
(
1− θ
α
)
+ 3
θ
α
]
Re, (3.22)
It can be seen that for θ = 0, Reθ = Re, and for θ > α, Reθ = 3θRe/α. It is also possible
to define a generalized Grashof number Grθ = Re
2
θ, which is consistent with the Grashof
number for horizontal gravity currents: Grθ = Re
2 for θ = 0. Note, however, that the
definition of Grθ differs from the one proposed by Meyer & Linden (2014).
The solution to Eq. (3.20) is similar to that for the horizontal duct [Eq. (3.15)] where
only the Reynolds number Re has to be replaced by Reθ. Consequently, the mass flux in
a tilted duct is given by
Qm =
ReθΓB
144
, (3.23)
giving the value ReθΓB = 72 when the hydraulic limit is reached.
Notice that Reθ has negative values for θ < −α/2. However, this theory is only valid
for ReθΓ  (180/Sc)1/2. For negative angles, the flow is slowed down as θ → −α/2, it
will eventually described by the VAD solution (Cormack et al. 1974; Hogg et al. 2001;
Kaptein et al. 2020).
4. Experimental data
To validate our theory, we use the experimental data sets by Meyer & Linden (2014),
Lefauve et al. (2019) and Lefauve & Linden (2020a). These data sets have been jointly
discussed and made available online (https://doi.org/10.17863/CAM.48821) by Lefauve
& Linden (2020a,b). Four experimental setups, differing in their dimensions, were used.
We will refer to them as LSID, HSID, mSID and tSID in accordance with Lefauve &
Linden (2020a). Table 1 summarizes the characteristics of all the setups where salt is
used to change the water density. For each setup, the inclination angle of the duct θ and
Re were varied independently. The fluid used was a salt (NaCl) solution (Sc = 700), and
the value of Re was varied by changing the salt concentration in each of the tanks. In
total, we use 738 independent experiments.
Meyer & Linden (2014) distinguished four different regimes: laminar (L), Holmboe
waves (H), intermittently turbulent (I), and turbulent (T). Lefauve & Linden (2020a)
introduced a new ‘waves’ (W) regime where waves distinct from Holmboe waves were
observed. The different regimes were mostly identified by shadowgraph observations over
a subsection of the duct, following the qualitative description of each regime by Meyer &
Linden (2014). A schematic of the shadowgraph set-up was presented by Lefauve et al.
(2018). A complication for the comparison with the experimental data is that, as pointed
out by Lefauve & Linden (2020a), there is a surprising difference between the results
from the LSID and the mSID setups: the regions in the (θ,Re)-plane where the different
regimes occur do not coincide even if the values of all the dimensionless parameters are
the same.
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name H (mm) Cross-section Γ−1 B Sc θ (deg.) Re
LSID 100 30 1 700 [-1,4] [2 000, 20 000]
HSID 100 15 1 700 [0,4] [1 000, 20 000]
mSID 45 30 1 700 [-1,6] [300, 6 000]
tSID 90 15 1/4 700 [-1,3] [3 000, 15 000]
Table 1. Characteristics of the experiments used in this paper. Four duct geometries
[abbreviated LSID (L for large), HSID (H for half), mSID (m for mini), tSID (t for tall)] are
used (Lefauve & Linden 2020a). We list the values of the dimensionless numbers describing each
duct geometry (Γ and B), the value of Sc for salt in water, and the ranges of θ and Re explored.
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Figure 2. Location of the different regimes in the (Re-θ) plane for the four different setups:
LSID, HSID, mSID, and tSID. The different symbols represent the different regimes laminar (L),
Holmboe waves (H), other waves (W), intermittently turbulent (I) and turbulent (T). The solid
lines represent curves of constant Qm (i.e. constant ReθΓB) with the value of Qm indicated
along the line. The dashed line represents θ = α. The dotted line represents the continuation of
the transition between the intermittently turbulent and fully turbulent regimes for forced flows
given by θRe equal to a constant as also proposed by Lefauve et al. (2019). For the tSID setup
the Re is multiplied by the aspect ratio B = 1/4 for consistency with the definition of Qm.
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5. Comparison with experiments
Figure 2 shows the location of the different regimes in the parameter space (θ,Re) for all
experimental setups together with curves of constant Qm (i.e. constant ReθΓB-values).
It can be clearly seen that curves of constant Qm mark well the transitions between the
different regimes through all values of θ. Furthermore, the results of the mSID and tSID
setups are consistent in the values of Qm marking the transitions between the different
regimes: for Qm ≈ 1/2 waves emerge, for Qm ≈ 1 the flow becomes intermittently
turbulent, and Qm ≈ 2 the flow becomes fully turbulent. Notice that Qm = 1/2 marks
an intuitive transition since the laminar analytical solution presented in §3 becomes
invalid, and hence, the flow must change to maintain the balance between the increased
forcing and momentum diffusion.
Although curves of constant Qm mark the transitions in the LSID and HSID setups,
the particular values of Qm marking these transitions do not correspond to those in the
mSID and tSID setups. It would seem that the Re-values for the LSID and HSID setups
have to be divided by a factor 2 and a factor 3, respectively, to match those of the mSID
and tSID. However, no sufficient data (LSID) and no data (HSID) are available to test
if the emergence of waves also occurs at Qm ≈ 1/2 for these setups. This discrepancy
between the experimental data sets and the factor 2 between the LSID and mSID setups
was already pointed out by Lefauve & Linden (2020a). The reason for this discrepancy
remains unexplained.
In the case of forced flows (i.e. θ > α), Qm = sin θReB/48 ≈ θReB/48. This means
that the transitions marked by a constant value of Qm are equivalent to a constant value
of θRe for a given setup. This is in agreement with the transitions proposed by Lefauve
et al. (2019) and Lefauve & Linden (2020b) derived using a two-layer frictional hydraulics
model.
The model to explain the regime transitions in SID experiments is a generalization of a
model proposed to simulate the flow in horizontal ducts (θ = 0). The agreement between
the generalized model and experimental results over a wide range of inclination angles θ
further reinforces the validity of the model for horizontal ducts.
6. Conclusions
In the current paper, we have proposed an analytical theory that describes the transi-
tion curves between different regimes of stratified shear flows in horizontal and inclined
ducts for flows with a high Schmidt number value. We provide a self-consistent explana-
tion that spans from small negative duct inclination angles to small positive inclination
angles (i.e. including horizontal ducts). This explanation has been made possible by one
main consideration: for duct inclination angles θ smaller than the internal angle of the
duct α (i.e. for lazy flows), it is necessary to consider the role of the sharp inclined
interface in driving the flow. This forcing implies that lazy flows with high Schmidt
number values are not hydraulically controlled unless turbulence develops.
The analytical theory is further supported by a comparison with experimental results.
Curves with constant values of Qm = ReθΓB/144 (with Reθ a generalized Reynolds
number for inclined ducts) mark well the transitions between the regimes observed
experimentally. The proposed theory provides, from physical principles, the critical value
ReθΓB = 72 for the emergence of waves.
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